In this paper, the analytic solution of the time-dependent Schrödinger equation is obtained for the wave packet in two-dimensional oscillator potential. The quantum dynamics of the wave packet is investigated based on this analytic solution. To our knowledge, this is the first time we solve, analytically and exactly this kind of timedependent Schrödinger equation in a two-dimensional system, in which the Gaussian parameters satisfy the coupled nonlinear differential equations. The coherent states and their rotations of the system are discussed in detail. We find also that this analytic solution includes four kinds of modes of the evolutions for the wave packets: rigid, rotational, vibrational states and a combination of the rotation and vibration without spreading.
Introduction
The fundamental concern of the relation between the quantum and classical description of physical system dynamics and the investigation of the nondispersive Wave Packet (WP) raised at the dawn of quantum mechanics is still attracting the attention of researchers. The increase of interest in this problem is due to the development of short-pulse lasers and the experimental study of the motion of quantum particles. 1 The WPs are used as a powerful tool to calculate eigenfunctions, energy levers and scattering cross sections, transport properties, tunneling and other quantities. [2] [3] [4] [5] [6] The models related to WPs are also very important in the quantum mechanical problems of neutrino oscillations. [7] [8] [9] The WP of an electron can be followed now by using high harmonics generated from intense femtosecond laser pulses focused on aligned molecules. 10 The WP technique provides us also with a good understanding of the intimate connection between atom optics with BoseEinstein condensates and light optics. 11 Cohen et al. studied the quantum-classical correspondence with the use of the random matrix theory and the WP dynamics in energy space. 12 Flambaum et al. investigated the WP dynamics in the quantum system with many-particle states and they obtained a simple analytical expression of the energy width for the WPs. 13 Kottos et al. studied the quantum dynamics of the system in which the Hamiltonian undergoes a sudden change. This is very interesting for understanding the alignment of the molecules with an intense laser pulse to produce rotational WPs.
14 The investigations of the WP dynamics also have important applications in quantum information.
15
To completely understand the quantum dynamics of WPs in various potentials, we need to solve the time-dependent Schrödinger equation (TDSE). This can be solved numerically in most physical systems. Only in very few but important situations such as in the one dimensional harmonic oscillator, can the TDSE be solved analytically. In this paper, the analytic approach of the WP is given based on the exact solution of the TDSE in two dimensions. As the study of a single particle in a mean field is the basis of all microscopic models of many-body systems, we investigate here the evolution of the WP in an oscillator potential with the analytic solution. We find that there exist the four kinds of modes of the evolutions of WP while their centers oscillate classically and these WPs are nonspreading.
The model we deal with in this paper is very basic and important in quantum physics. The investigation of this model is the foundation of the development of the particles in external fields and it will benefit various fields of physics. The interesting investigation of the coherence properties of the model are given in Refs. 16 and 17 by using the numerical calculations, but with the lack of analytical explicit expressions of the evolution. Our analytical study in Sec. 2 of the paper provides a very interesting example to solve the time-dependent Schrödinger equation analytically and exactly for the very important physical system. The obtained analytical solution includes rich physics, such as coherent states and their rotations, vibrational modes and the combination of vibration and rotation, et al. In fact, the corresponding equations are the coupled nonlinear differential equations of the Gaussian parameters, which will be presented below. To our knowledge, this is the first time we solve these coupled nonlinear differential equations analytically and exactly of the model, and our discussions of the the quantum dynamics of the WP are based on these analytical solutions. Finally, a short summary completes our discussions.
Quantum Dynamics of Wave Packets
The Gaussian wavefunction is the best selection for the investigation of the dynamics of the WP in the potential of the harmonic oscillator. [16] [17] [18] The most general Gaussian WP describing a particle in two dimensions can be written where U , V , W , γ are the complex functions of time t, and x t , y t , p x , p y are the real functions of time t. It can be verified that x t , y t , p x , p y are the average values of the positional coordinates and the momenta of the particle, respectively, and these quantities have their classical meaning. By following the method of Heller, 18 we inset the most general form of the Gaussian WP (TDSE:
with the oscillator potential mω 2 (x 2 + y 2 )/2. We find that the resulting equation can be satisfied if the parameters obeẏ
where dots indicate time derivatives. The set of Eqs. (3)- (8) is the sufficient condition for the TDSE (2) with the solution Ψ in the form of the Gaussian wavefunction (1). The parameter γ, related to the normalized coefficient of the wavefunction, is dependent on both the quantum parameters and the classical parameters of the model. The above relations mean that the center of the WP oscillates classically, which is consistent with Ehrefest's principle, and its shape and phase develop to belong to the quantum features of the system. Although the Eqs. (3)- (5) are the coupled nonlinear differential equations of the Gaussian parameters U , V , and W , we find that these equations have analytical solutions. (The method to solve these coupled nonlinear differential equations will be given elsewhere. 19 )
with
where u 0 , v 0 , and w 0 are the initial values of the Gaussian parameters U , V , and W , respectively. The expression (11) means that no correlation in the coordinates x, y exists if the initial correlation coefficient w 0 is zero for the development of the WP. This arises from the fact that there is no corresponding correlated term in the Hamiltonian of the system. The correlated term W (x − x t )(y − y t in the WP is very important in the creation of the rotated coherent state, which will be discussed below. By considering Eqs. (6)- (7), it can be easily obtained that the real functions x t , y t , p x , p y , the averages of the coordinates and momenta of the WP, have the expressions
where x 0 , y 0 , p x,0 , and p y,0 are the initial values of the corresponding quantities. Then the complex function γ in Eq. (8) is given by
where L 0 is the initial Lagrangian of the particle and the function X is given by Eq. (12) . Furthermore, the normalized WP in the oscillator potential is where the Gaussian parameters U , V , and W are given by relations (9)-(11). The expression (18) describes the evolution of the Gaussian WP in harmonic oscillator potential. It can be easily proven that the energy and angular momentum in the z-direction are conserved in the development. The above solution looks complicated, but contains rich physics. In the following, we will show several very interesting features of the quantum motions of WPs based on this analytical solution of the evolution of the packets in oscillator potential.
There exist four kinds of modes of evolutions of the WPs. They are the rigid body, the rotational, vibrational states and the coupled state with vibration and rotation. These are the quantum features of the WPs in evolution and all of them are nonspreading while the centers of the WPs oscillate classically.
(i) Rigid WP: The packet does not change its shape in the evolution when the initial values of the Gaussian parameters are u 0 = v 0 = α 2 and w 0 = 0 where α = mω/(2 ) (see Fig. 1 ). The WP oscillates similarly to a classical particle with a fixed volume, but here is a completed quantum feature and it is called a coherent state. In Fig. 1 , the eight packets correspond to t = 2nπ/(8ω) with n = 0, 1, 2, . . . , 7, 
It is a generalized coherent state of the system and the shape of the WP does not change in the rotations. The contours of the Gaussian wavefunction show the very interesting quantum feature in the evolution and the imaginary part of the wavefunction is presented in Fig. 3 . (iii) Vibrational WP: When the initial parameters take their values as u 0 = v 0 = α 2 /2 and w 0 = 0, the movement of the WP looks like 'breathing' in evolution. In this breathing movement, the center of the WP oscillates classically in the x-y plane while its shape vibrates, belonging to the quantum property. The initial position of the WP is also at (12/α, 8/α) with the momenta p x,0 = −3p y,0 /2 = −24 α in Fig. 4 , rotating anticlockwise around the origin. This property has an important application for the quantum motion of the particle in oscillator potential. A brief consideration will be given below in the paper.
(iv) The WP with coupled motion of vibration and rotation: The graphical presentation is given in Fig. 5 where the Gaussian initial values are u 0 = (4 + 9i)α 2 /6, v 0 = (1 + 3i)α 2 /3 and w 0 = (3 + 8i)α 2 /6. The other parameters take their initial values as in Fig. 2 . This combined motion is the more general case of the WP in harmonic potential.
In the evolution of the WP, the phase of the packet is very important. For instance, in the vibration case, the shapes of the WP at time T /8 and 3T /8 are similar, but their dynamics are totally different. In Fig. 4 , one can see that the packet shrinks from T /8 to T /4, but spreads from 3T /8 to T /2. This is due to these two packets having different phases. In order to illustrate this feature, Fig. 6 is presented where the corresponding initial values are u 0 = (4 + i)α 2 /6, v 0 = (2+i)α 2 /6, and w 0 = (9+4i)α 2 /18, with the same initial coordinates and momenta as in Fig. 5 . It is obvious that the quantum dynamics of the WP in Figs. 5 and 6 are totally different though they have the completed same initial shapes, which is due to them having different initial phase factors exp[i(9α 2 x 2 + 6α 2 y 2 + 8α 2 xy − 136αx − 288αy + 1968)/6] in Fig. 5 and exp[i(3α 2 x 2 + 3α 2 y 2 + 4α 2 xy + 328αx − 384αy − 432)/18] in Fig. 6 , respectively, when they rotate anticlockwise around the origin without spreading.
The analytical solution result in many applications in various fields of physics. Now the WP can be generated in the laboratory, and thus it is possible to measure the motion of some special forms of the WPs in oscillator potential in the future. Here we discuss a direct, but a very important application of the quantum motion of the particle in harmonic oscillator potential. In classical mechanics, the particles move in the classical oscillated orbits under the oscillator potential, while in quantum mechanics, the eigenequation gives the discrete energy levels and the corresponding eigenfunctions. The above solution shows the very interesting relations between classical mechanics and quantum mechanics, in which the centers of the WPs or expectation values correspond to their classical quantities and the development of their shapes is related to the quantum features of the system. While the center of the WP describes its classical orbit, the shape and phase of the WP describe its quantum motion. Hence the complex parameters U , V and W can be called the quantum parameters of the model. Here we propose an idea of how to measure its quantum motion in experiment. Notice that in the case (iii) the shape undergoes a breathing motion. At a quarter of periodicity t = T /4, the WP shrinks. Then the probability of the particle in the center of the WP increases. Therefore we can detect the probabilities in t = 0 and t = T /4, respectively, in the center of the WP. The latter will be bigger then the former, and this physical picture is exactly opposite to the classical case, where the probabilities are same in the two states. The direction and velocity of the particles are easily controlled in the experiment, but the difficulty about in how to prepare the initial vibrational state. We will give more detailed considerations and discussions in the future. Due to the complex related quantum parameters, the correlation term in the WP plays an important role in the form of the rotational mode in two dimensions, which also has important applications in the quantum logic system.
Summary
We know that the coherent state is a WP whose probability distribution is invariant in time except for a displacive translation which obeys the classical equations of motion, 20 as in Fig. 1 , and the time evolution of the coherent state can be given from the analytical solution. The time evolution of the squeezed state, 21, 22 which has been investigated extensively in quantum optical problems, and of the dynamics of trapped particles in Penning traps, will be presented elsewhere based on our analytic explicit expressions. The coherent states have now been widely used in various branches of quantum theory such as superfluidity, optical quantum correlation phenomena, and superconductivity, etc. It is very interesting that the angle frequency of the generalized coherent states of the system is ω. This is consistent with the period of the averages (13)-(16) of the coordinates and the momenta of the WP, which shows a mutual property in quantum mechanics and classical theory. Our discussion shows also that the oscillator potential in two dimensions can stabilize the oscillated orbit of the particle, which is due to the quantum nature of the system, and makes the WP nondispersive and nonspreading.
In summary, by solving the time-dependent Schrödinger equation exactly, we get the analytic expression of the evolution of the Gaussian WP in oscillator potential. To our knowledge, this is the first time we solve the corresponding coupled nonlinear differential equations of the model analytically and exactly in two dimensions. We find that the rigid, rotational, vibrational and the coupled WPs exist in the evolutions based on our analytic solutions. These nonspreading WPs provide us with a very interesting analytic example to understand the connection between the quantized nature and classical property of the physical system. The above discussions show us the very interesting phenomena for the evolutions of the WPs in oscillator potential. As the system is the most basic and important in physics, we hope the investigations of it in this paper will be helpful in quantum physics, theoretically and experimentally.
